Consider now an algebraic extension field K of finite degree N over Q . The valuation \a\ can be continued to K , and X is still complete with respect to this continuation. The set I R = {A € X, |4| p 2 1}
forms a ring, and we call its element the X-integers. We can now consider again the continuous functions F : I -*• K , and these can without K difficulty be proved to be representable as N-fold interpolation series in the N components x , . .. , x« of X ; here 0 , ... , U^ denotes a basis of K over Q , and X € I is assumed to be written in terms of p However, we are in this paper not concerned with such general continuous functions, but with a subclass of continuous functions which have particularly simple properties. To this subclass one is led by an analogy from complex function theory.
An essential property of complex functions that are regular in a (1) converges uniformly on I and is identical with F(X) . K Our problem will be to find the basic properties of such regular functions and in particular their relation to analytic functions G(X) on Ij, . By this we mean the sums of power series
which converge for all X on I v , hence which are characterised by the A condition that {G } is a null sequence. We shall find that in general the regular functions are identical with the analytic functions, but that there is an important special case when this is not so.
.
Let K be an algebraic extension field of degree N over the rational p-adic field Q , and let e and / denote the ramification index and the residue class degree of K over Q , respectively; hence available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700024837 ef = N .
As usual let
The p-adic valuation |a| of Q , which we assume normed such that has a unique continuation \A\ to K defined by
There exists then a prime element P and a p-adic unit
Denote by where the coefficients X, are elements of R . On allowing also analogous terms in finitely many negative powers of P , we obtain a similar representation of the elements of K .
2.
Consider now any interpolation series (l) and assume that it represents a regular function F(X) for all X on J^ . It is not difficult to derive the necessary and sufficient conditions which the coefficients A have then to satisfy.
For this purpose it is convenient to introduce the polynomials (X, n)
of X which are defined by
so that U, n) = Q.n\ .
To begin with, let
that is, K is not totally ramified. There exists then an element X~ of R such that none of the numbers
lies in the zero class (mod P) and thus is divisible by P . Hence
On the other hand, if X is an arbitrary element of I , it is obvious K that \(X, n)\ < 1 (n = 0, 1, 2, ...) . 
.
In the case (A) just considered, the condition (5) allows to connect the regular functions F{X) to the analytic functions G(X) . For this purpose it suffices to note that, if n i l , (X, n) can be written as (X, n) = Z 1 + a n j^ * a n^~2 + ... + a^^X , where the coefficients a v are rational integers, and that these n ,/c equations can be solved for the different powers of X in the form
where also the coefficients b v are rational integers. Since the first formula holds by Theorem 1 for regular functions and the second one is valid for analytic functions, we obtain then the following theorem. For the feth derivative
is likewise analytic on I and so is also regular, and it < K formally is identical with F (X) .
4.
There remains the case (B) e = N , f = 1 when K is totally ramified over Q . This case will prove to be more interesting and quite different from case (A). 
K u r t M a h l e r
Now the general element X of I has the form K where the coefficients J, are restricted to the set n R = {0, 1, 2 , . . . , p-1} .
If the integer w > 0 s a t i s f i e s the congruence n = X Q (mod p) , then X -n is divisible by at least the first power of P , and therefore 
\X-n\ 5 \P\

\X-n\ p = 1 -I t follows t h a t (8) \(x, n)\ S | ? | p
P^" 1 (n = 0, 1 , 2 , . . . ) .
In the special case when X = P , this inequality can at once be replaced by the equation
• For now | JP-«| i s equal to 1 when p does not divide n , but has the exact value \p\ when p i s a factor of n because then
Assume now that F(JT) is regular on I , thus that its interpolation
K s e r i e s converges uniformly on t h i s s e t . In particular, F(P) must converge and so the terms of t h i s series must tend to zero. Since, by ( 9 ) , this requires that Conversely, if this condition is satisfied, then for X 6 !" the terms of the series for F(X) tend by (8) uniformly to zero and hence the series converges uniformly. Thus we obtain the following result.
THEOREM 4. If K is totally ramified, then F{X) is a regular function on !" if and only if the coefficients A satisfy the condition
(10).
5.
-1/iV Since \P\ = p < 1 , the condition (10) Here, by our proof, the right-hand side converges uniformly in both variables.
6.
Before applying the last identity, let us investigate the sequence 
. ) . w=l
Here, by ( l l ) ,
We noted already that the p-adic value of ( ) is at most 1 and that To prove that the connection is even closer, we prove now that F'(X) is in fact the derivative of F(X) at X , thus that It follows that the terms of the double series (19) tend to zero uniformly in X and Y as m + n tends to infinity.
In order to determine the derivative of F(X) at the point X we are then allowed to let Y tend to zero term by term on the right-hand side of (18), and then (*"?•) has the limit (-l)"" 1 . It follows therefore from (17) and (18) that the function F' (X) already introduced is in fact the derivative of F(X) at the point X .
This consideration gives therefore the following result. 
